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A multidimensional field model describing the behaviour of (at most) one Einstein space of non-zero curvature and
n Ricci-flat internal spaces is considered. The action contains several dilatonic scalar fields ϕa and antisymmetric
forms AI . The problem setting covers various problems with field dependence on a single space-time coordinate,
in particular, isotropic and anisotropic homogeneous cosmologies. When the forms are chosen to be proportional
to volume forms of “p -brane” submanifolds manifold, a Toda-like Lagrange representation arises. Exact solutions
are obtained when the p -brane dimensions and the dilatonic couplings obey some orthogonality conditions. General
features and some special cases of cosmological solutions are discussed. It is shown, in particular, that all hyperbolic
models with a 3-dimensional external space possess an asymptotic with the external scale factor a(t) ∼ |t| (t is the
cosmic time), while all internal scale factors and all scalar fields tend to finite limits. For D = 11 a family of models
with one 5-brane and three 2-branes is described.
1. Introduction
This paper continues the trend of studying various
exact solutions describing the properties of p-branes
interacting with gravity. Such problems naturally
emerge in bosonic sectors of supergravitational models
[1, 2] and may be of interest in the context of super-
string and M-theories [3–7].
We actually consider gravitational models contain-
ing several coupled dilatonic scalar fields and antisym-
metric forms [8], namely, the one-variable (in partic-
ular, cosmological) sector of the model from [8], i.e.
a self-consistent set of D -dimensional Einstein-Hilbert
equations and the equations for interacting dilatonic
scalar fields and fields of forms. The model describes
generalized intersecting p-branes (for different aspects
of p-branes see [6, 7, 9] and references therein.) Using
a σ -model representation [8], we reduce the equations
of motion to a pseudo-Euclidean Toda-like Lagrange
system [21] with a zero-energy constraint. In the sim-
plest case of orthogonal vectors in the exponents of the
Toda potential we obtain exact solutions. Some gen-
eral features of the cosmological solutions and their
special cases are then discussed.
Special cases of the present models were recently
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studied by a number of authors ([10, 11] and others);
thus, spherically symmetric and cosmological mod-
els with a conformally invariant generalization of the
Maxwell field to higher dimensions were discussed in
Refs. [12, 13, 14]; in particular, in [14] some integrable
cases with perfect fluid sources were indicated. The
present treatment deals with the general class of cou-
pled p-brane and dilatonic fields in the so-called elec-
tric case, but with no other material sources; the corre-
sponding magnetic and mixed electro-magnetic models
will be discussed elsewhere.
For convenience we give a summary of indices used
in the paper and objects they correspond to. Namely:
M, N, ... 7→ coordinates of the D -dimensional Rie-
mannian space M ;
I, J, ... 7→ subsets of the finite set Ω and antisym-
metric forms AI , F I ;
a, b, ... 7→ scalar fields;
i, j, ... 7→ subspaces of M ;
mi, ni 7→ coordinates in Mi ;
A, B, ... 7→ minisuperspace coordinates.
As usual, summing over repeated indices is assumed
when one of them is at a lower position and another at
an upper one.
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2. Initial field model
We start (like [8]) from the action
S =
1
2κ2
∫
M
dDz
√
|g|
{
R[g]− δabgMN∂Mϕa∂Nϕb
−
∑
I∈Ω
ηI
nI !
exp(2λIaϕ
a)(F I)2
}
+ SGH, (2.1)
in a D -dimensional (pseudo-)Riemannian manifold
M with the metric g = gMNdzM ⊗ dzN ; |g| =
| det(gMN )| ; ϕa are dilatonic scalar fields;
F I = dAI =
1
nI !
F IM1...MnI
dzM1 ∧ . . . ∧ dzMnI (2.2)
are nI -forms (nI ≥ 2); λIa are coupling constants;
ηI = ±1 (to be specified later); furthermore,
(F I)2 = F IM1...MnI
F IN1...NnI
gM1N1 . . . gMnINnI , (2.3)
I ∈ Ω, a ∈ A , where Ω and A are non-empty finite
sets. Finally, SGH is the standard Gibbons-Hawking
boundary term [19], essential for a quantum treatment
of the model.
The equations of motion corresponding to (2.1)
have the form
RMN − 1
2
gMNR = TMN , (2.4)
✷ϕ
a =
∑
I∈Ω
ηI
λIa
nI !
e2λIbϕ
b
(F I)2, (2.5)
∇M
(
e2λIaϕ
a
F I,MM2...MnI
)
= 0, (2.6)
where
TMN =
∑
a∈A
TMN [ϕ
a] +
∑
I∈Ω
ηI e
2λIaϕ
a
TMN [F
I ],
(2.7)
TMN [ϕ
a] = ∂Mϕ
a∂Nϕ
a − 1
2
gMN∂Pϕ
a∂Pϕa, (2.8)
TMN [F
I ] =
1
nI !
[
−1
2
gMN (F
I)2
+ nIF
I
MM2...MnI
F
I,M2...MnI
N
]
. (2.9)
Here ✷ and ∇ are the Laplace-Beltrami and covari-
ant derivative operators corresponding to g , respec-
tively.
We consider the manifold
M = R ×M0 × . . .×Mn (2.10)
with the metric
g = w e2γ(u)du⊗ du+
n∑
i=0
e2φ
i(u)gi, (2.11)
where w = ±1, u is a distinguished coordinate which,
by convention, will be called “time”;
gi = gimini(yi)dy
mi
i ⊗ dynii
is a metric on Mi satisfying the equation
Rmini [g
i] = ξig
i
mini , (2.12)
mi, ni = 1, . . . , di (di = dimMi ); ξi = const.
We assume each manifold Mi to be oriented and
connected, i = 0, . . . , n . Then the volume di -form
τi =
√
|gi(yi)| dy1i ∧ . . . ∧ dydii , (2.13)
and the signature parameter
ε(i) = sign det(gimini) = ±1 (2.14)
are correctly defined for all i = 0, . . . , n .
Let Ω in (2.1) be the set of all non-empty subsets
of the set of indices {0, . . . , n} , i.e.
Ω = Ω(0, n) ≡
{{0}, {1}, . . . , {n}, {0, 1}, . . . , {0, 1, . . . , n}}. (2.15)
The number of elements in Ω is |Ω| = 2n+1 − 1.
For any I = {i1, . . . , ik} ∈ Ω, i1 < . . . < ik , we
put in (2.2)
AI = ΦIτI (2.16)
where
τI = τi1 ∧ . . . ∧ τik , (2.17)
and τi are defined in (2.13). In components Eq. (2.16)
reads:
AIP1...Pd(I)(u, y) =
ΦI(u)
√
|gi1(yi1)| . . .
√
|gik(yik)| εP1...Pd(I) , (2.18)
where εP1...Pk is the Levi-Civita symbol and
d(I) ≡ di1 + . . .+ dik =
∑
i∈I
di (2.19)
is the dimension of the oriented manifold
MI = Mi1 × . . .×Mik , (2.20)
(d(∅) = 0) and the indices P1, . . . , Pd(I) correspond to
MI .
It follows from (2.16) that
F I = dAI = dΦI ∧ τI . (2.21)
By construction and according to (2.21),
nI = d(I) + 1, I ∈ Ω, (2.22)
so that the ranks of the forms F I are fixed by the
manifold decomposition.
For the dilatonic scalar fields we put
ϕa = ϕa(u), a ∈ A. (2.23)
The problem setting as described embraces various
classes of models where field variables depend on a sin-
gle coordinate, such as
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(A) cosmological models, both isotropic and anisotro-
pic, where the u coordinate is timelike, w = −1,
and some of the factor spaces (one in the isotropic
case) are identified with the physical space;
(B) static models with various spatial symmetries
(spherical, planar, pseudospherical, cylindrical,
toroidal) where u is a spatial coordinate, w =
+1, and time is selected among Mi ;
(C) Euclidean models with similar symmetries, or
models with a Euclidean “external” space-time;
w = +1.
A simple analysis shows that in all Lorentzian models,
in order to have a positive energy density T 00 of the
fields F I , one should choose in (2.1)
θI
def
= ηIε(I) = −w, ε(I) def=
∏
i∈I
ε(i), (2.24)
where, in the case B, it is assumed that I ∋ i0 , where
Mi0 contains the time submanifold. Otherwise we sim-
ply obtain
θI = +1. (2.25)
We also use the following notations for the loga-
rithms of volume factors of the subspaces of M :
n∑
i=0
diφ
i ≡ σ0,
∑
i∈I
diφ
i ≡ σI . (2.26)
3. Sigma model representation
As in [8], we pass to the sigma-model representation.
It is easy to verify that the field equations (2.4)-(2.6)
for the field configuration (2.11), (2.21), (2.23) may be
obtained as the equations of motion corresponding to
the action
Sσ =
1
2κ20
∫
du eσ0−γ
{
−wGij φ˙iφ˙j − wδabϕ˙aϕ˙b
−
∑
I∈Ω
e2
~λI ~ϕ−2σIwθI(Φ˙
I)2 − 2V e−2(σ0−γ)
}
, (3.1)
where ~ϕ = (ϕa), ~λI = (λIa), dots denote d/du ,
Gij = diδij − didj , (3.2)
are component of the “pure cosmological” minisuper-
space metric and
V = V (φ) = −1
2
n∑
i=1
ξidi e
−2φi+2σ0(φ) (3.3)
is the potential.
For finite internal space volumes (e.g. compact Mi )
Vi =
∫
Mi
ddiyi
√
|gi| < +∞, (3.4)
the action (3.1) coincides with (2.1) if
κ2 = κ20
n∏
i=0
Vi. (3.5)
The representation (3.1) follows as well from a more
general σ -model action of [8].
The action (3.1) may be written in the following
form corresponding to an arbitrary time gauge:
Sσ =
1
2
∫
du
{
(−w)NGAˆBˆ(ζ)ζAˆζBˆ − 2N−1V (ζ)
}
(3.6)
where (ζAˆ) = (φi, ϕa,ΦI) ∈ Rn+1+m+m′ , m = |Ω| ,
m′ = |A| ,
N = eσ0−γ > 0 (3.7)
is the lapse function and the matrix
(GAˆBˆ)=


Gij 0 0
0 δab 0
0 0 θIδIJ e
2~λI ~ϕ−2σI

 (3.8)
gives the minisuperspace (target space) metric.
Let us, like [20], choose the harmonic u coordinate
(✷ u = 0), such that
γ = σ0(φ) ⇒ N = 1. (3.9)
The minisupermetric GAˆBˆdζAˆ ⊗ dζBˆ still remains to
be curved. However, the integrability problem is con-
siderably simplified since it is possible to integrate the
generalized Maxwell equations:
d
du
[
e2
~λI ~ϕ−2σI Φ˙I
]
= 0,
Φ˙I = QI e
−2~λI ~ϕ+2σI , (3.10)
where QI are constants.
Let
QI 6= 0, I ∈ Ω∗,
QI = 0, I ∈ Ω \ Ω∗, (3.11)
where Ω∗ ⊂ Ω is a non-empty subset of Ω.
For fixed QI the Lagrange equations for φ
i and ϕa ,
after substitution of (3.10), are equivalent to those for
the Lagrangian of a pseudo-Euclidean Toda-like system
(see [17, 21, 23]) with a zero-energy constraint:
LQ =
1
2
GABx˙
Ax˙B − VQ, (3.12)
EQ =
1
2
GABx˙
Ax˙B + VQ = 0, (3.13)
where x = (xA) = (φi, ϕa), i = 0, . . . , n ; a ∈ A ,
(GAB) =
(
Gij 0
0 δab
)
(3.14)
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and the potential VQ has the form
VQ =
n∑
j=0
(w
2
ξidi
)
e2U
i(x)
+
∑
I∈Ω∗
θI
2
(QI)
2 e2U
I (x), (3.15)
where
U i(x) = U iAx
A = −φi + σ0, (3.16)
U I(x) = U IAx
A = σI − ~λI ~ϕ, (3.17)
or in components
(U iA) = (−δij + dj , 0), (3.18)
(U IA) = (δiI di, −λIa) , (3.19)
where
δiI
def
=
∑
j∈I
δij (3.20)
is an indicator of i belonging to I (1 if i ∈ I and 0
otherwise).
The constraint (3.13) follows from the
(
u
u
)
compo-
nent of the Einstein equations (2.4), which contains
only first-order derivatives with respect to u .
The nondegenerate matrix GAB (3.14) defines an
(n+1+m′)-dimensional minisuperspace metric whose
contravariant components form the inverse matrix
(G
AB
) =
(
Gij 0
0 δab
)
(3.21)
where, as in [17],
Gij =
δij
di
+
1
2−D, i, j = 0, . . . , n. (3.22)
The integrability of the Lagrange system crucially
depends on the scalar products of the vectors U i , UΛ ,
U I from (3.16)–(3.17). These products are (by defini-
tion, (U,U ′) = G
AB
UAU
′
B ):
(U i, U j) =
δij
dj
− 1, (3.23)
(U I , U i) = −δiI , (3.24)
(U I , UJ) = q(I, J) + ~λI~λJ , (3.25)
where
q(I, J) ≡ d(I ∩ J)− d(I)d(J)
D − 2 . (3.26)
The relation (3.23) was found in [22] and (3.25) in
[8] (U IA = −LAI in the notations of [8]).
4. Solutions for at most one curved
factor space
4.1. Solutions with one curved factor space
To solve the field equations, let us adopt the following
assumptions:
(i) Among all Mi , only M0 has a nonzero curvature,
while others are Ricci-flat, i.e., ξi = 0 for i > 0
and (properly normalizing the scale factor φ0 )
ξ0 = (d0 − 1)K0, K0 = ±1. (4.1)
(ii) Neither of I ∈ Ω∗ contains the index 0, that is,
neither of the p-branes under consideration in-
volves the curved subspace M0 .
(iii) The vectors U I , I ∈ Ω∗ , are mutually orthogonal
with respect to the metric GAB , that is,
d(I ∩ J)− d(I)d(J)
D − 2 +
~λI~λJ = 0 (4.2)
for any I 6= J .
Thus the potential VQ (3.15) contains one “time-
like” vector U0 with the norm
(U0, U0) = −(d0 − 1)/d0 < 0 (4.3)
(d0 > 1) and m∗ = |Ω∗| “spacelike” vectors U I with
the norms 1/NI > 0:
1/N2I
def
= (U I , U I)
= d(I)
D − 2− d(I)
D − 2 + (
~λI)
2 > 0. (4.4)
One easily verifies that under the assumptions (i)–
(iii) the conditions adopted in the Appendix are ful-
filled, with the space V of (xA) and the scalar prod-
uct 〈x,y 〉 = GABxAyB = (x, y) defined in the previ-
ous section. Therefore we are able to write down the
following solution to the field equations:
xA(u) = − d0
d0 − 1U
A
0 y0(u)
+
∑
I∈Ω∗
N2I U
A
I yi(u) + c
Au+ cA, (4.5)
A = i, a (i = 1, . . . , n ; a ∈ A), where the functions
y0, yI are found from the relations
e−y0(u) = (d0 − 1)S(ε0, h0, u− u0),
ε0 = wK0,
e−yI(u) = N−1I |QI |S(−θI , hI , u− uI); (4.6)
the function S(., ., .) is defined in (A.8); the constants
NI in (4.4); recall that w = sign guu . The integration
constants cA , cA , h0 , u0 , hI and uI are connected
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by the following relations due to (A.4) and the energy
integral (3.13):
c0(d0 − 1) +
n∑
i=1
dic
i = 0;
c0(d0 − 1) +
n∑
i=1
dic
i = 0; (4.7)
∑
i∈I
dic
i − λIaca = 0;
∑
i∈I
dic
i − λIaca = 0; I ∈ Ω∗; (4.8)
d0
d0 − 1h
2
0 signh0 =
∑
I∈Ω∗
N2I h
2
I signhI
+ (d0 − 1)(c0)2 +
n∑
j=1
dj(c
j)2 + δabc
acb. (4.9)
Finally, the contravariant components UA0 , U
A
I of the
vectors U0 , U I are found using the metric tensor G
AB
(UA = G
AB
UB ) presented in (3.21), (3.22). Namely:
U i0 = −δi0/di, U I0 = 0,
U iI = δiI −
d(I)
D − 2 , U
a
I = −λIa, (4.10)
i = 0, . . . , n ; I ∈ Ω∗ ; a ∈ A .
Thus the logarithms of scale factors in the metric
(2.11) and the scalar fields are
φi(u) =
δi0
d0 − 1y0(u)
+
∑
I∈Ω∗
[
δiI − d(I)
D − 2
]
N2I yI(u) + c
iu+ ci, (4.11)
ϕa(u) = −
∑
I∈Ω∗
λIaN
2
I yI(u) + c
au+ ca (4.12)
and the function γ = 12 ln |guu| ≡ σ0 is
γ(u) =
n∑
i=0
diφ
i =
d0
d0 − 1y0(u)
−
∑
I∈Ω∗
d(I)
D − 2N
2
I yI(u) + c
0u+ c0. (4.13)
Substitution of the relations (4.11)–(4.12) into (3.10)
implies
Φ˙I = QI e
2yI (4.14)
and hence we get for the forms
F I = dΦI ∧ τI = QI e2yI du ∧ τI . (4.15)
Eqs. (4.11)–(4.15), along with the definitions (4.6),
(4.4) and (A.8) and the relations (4.7)–(4.9) among the
constants, completely determine the solution. Under
the above assumptions (i)–(iii) the solution is general
and involves all cases mentioned in items A, B, C at
the end of Sec. 2.
The solution describes the behaviour of (n + 1)
spaces (M0, g0), . . . , (Mn, gn), where (M0, g0) is an
Einstein space of nonzero curvature, and (Mi, g
i) are
“internal” Ricci-flat spaces, i = 1, . . . , n , in the pres-
ence of several scalar fields and forms.
The solution also describes a set of charged (by
the F forms) intersecting p-branes “living” on the
manifolds MI (2.20), I ∈ Ω∗ , where the set Ω∗ ⊂
{{1}, {2}, . . . , {1, . . . , n}} does not contain {0} , i.e.
all p-branes live in internal spaces.
4.2. Solutions with Ricci-flat factor spaces
The same solutions can also describe configurations
where all Mi are Ricci-flat (such as spatially flat cos-
mology) if one just deletes every mentioning of M0 ,
putting y0 and the respective constants equal to zero
and postulating the decomposition (2.10) in the form
R ×M1 × . . .Mn .
In this case Eq. (4.11) for φi (i = 1, . . . , n) with
y0 ≡ 0 is valid; Eq. (4.12) for ϕa is unchanged; the
expression (4.13) for γ(u) with y0 ≡ 0 is valid if we
denote
c0
def
=
n∑
i=1
dic
i, c0
def
=
n∑
i=1
dic
i. (4.16)
The relations among the constants (4.7) disappear,
while (4.8) remain unchanged. The energy constraint
may be rewritten using (4.16) in a simplified form:
(c0)2 =
∑
I∈Ω∗
N2I h
2
I signhI +
n∑
i=1
di(c
i)2 + δabc
acb.
(4.17)
However, in the case of all Ricci-flat factor spaces
there can appear forms with d(I) = D − 2 and even
D − 1, so that zero or negative norms (4.4) are possi-
ble. Then some slight and evident modifications of the
scheme are required; we will, however, always assume
d(I) < D − 2.
Remark. The above solutions evidently do not ex-
haust all integrable cases. Thus, some of the functions
yI may coincide, reducing the number of the required
orthogonality conditions (4.2) and giving more free-
dom in choosing the set of input constants d(I) and
λIa . Such a coincidence of, say, yI and yK is a con-
straint on the unknowns and the emerging consistency
relation should lead to a reduction of the number of
integration constants (e.g. coincidence of charges QI
and QK ). In other words, it becomes possible to ob-
tain less general solutions but for a more general set of
input parameters. An example of such a situation is
given in Ref. [24] discussing some spherically symmet-
ric solutions with intersecting electric and magnetic p-
branes.
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5. Cosmological solutions
5.1. General features
Among the above solutions, cosmological models cor-
respond to w = −1. We also assume that the curved
subspace M0 (K0 = ±1) is the “external” physical
space, spherical (K = +1) or hyperbolic (K = −1).
To describe spatially flat models (to be labelled K0 =
0) we assume that in the solution of Subsec. 4.2 (where
M0 is absent), one of the subspaces, say, M1 , is exter-
nal and is not involved in the p-branes, i.e., 1 6∈ I, I ∈
Ω∗ .
Due to w = −1 and positive energy condition
(2.24) we immediately obtain
e−yI =
|QI |
hINI
cosh[hI(u − uI)], hI > 0. (5.1)
Another sign factor in (4.6), ε0 , is ε0 = −K0 .
The behaviour of the solutions is extremely diverse
according to the interplay of the numerous integration
constants and input parameters. Thus, different scale
factors may be monotone or not, grow to infinity or
fall to zero, or tend to constant values. Some general
observations can nevertheless be made.
The first observation is that the range of the time
coordinate u is R for K0 = 0, +1. At both ends of
the evolution, u→ ±∞ , the scale factors eφi and the
function guu = e
2γ behave like
f(u) = (coshu)k ecu (5.2)
where the constants k and c are fixed for all eφi and
eγ for each specific set of the input and integration
constants.
For spatially flat models, K0 = 0, the constant k
is positive for both the “physical” scale factor a(u) =
eφ1(u) and eγ . This means that a(u) → ∞ at least
one of the asymptotics and so does the cosmic syn-
chronous time t =
∫
eγdu (but not necessarily at the
same asymptotic).
For closed models (K0 = +1) even such small gen-
eral information cannot be extracted: both a(u) and
eγ behave according to (5.2), but now both constants
k and c can have arbitrary signs.
One can note that f can have a finite limit at one
end of the evolution (if c = ±k ), but in the generic
case all eφi(u) and t(u) have exponential asymptotics
with different increments, hence the dependence eφi(t)
has a power-law asymptotic, eφ(u) ∼ ts . In particular,
one can expect s ≫ 1 for some choices of the param-
eters, i.e., power-law inflation in at least some spatial
directions.
For hyperbolic models, K0 = −1, we have in (4.6)
ε0 = +1 and due to (4.9) h0 > 0, so that, with no
generality loss, we can write
e−y0 =
d0 − 1
h0
sinhh0u (5.3)
and u > 0. As u → ∞ , all eβi and eγ behave again
like f in (5.2), with all the above inferences, but, as
u→ 0, all factors like ecu and coshk(u−u0) are finite
and the model behaviour is governed by y0 . In partic-
ular, for the physical dimension d0 = 3 we obtain:
eγ ∼ u−3/2,
a(u) = eφ0 ∼ 1/√u, t ∼ 1/√u. (5.4)
This asymptotic corresponds to infinite linear expan-
sion or contraction in the external space (a(t) ∼ |t|),
while all internal scale factors and scalar fields tend to
finite limits.
5.2. Some special solutions
Consider the case D = 11, ~λI = 0, and d0 = 3 (a
curved isotropic physical space). From (4.2) we have
the following possibilities:
{d(I), d(J)} = {3, 3}, {3, 6}, {6, 6} (5.5)
if d(I ∩ J) = 1, 2, 4, respectively, and 2N2I = 1, I, J ∈
Ω∗ . Using the rules (5.5), we can list all possible sets
Ω∗ , or collections of intersecting 2-brane and 5-branes.
Two variants of maximum possible sets Ω∗ in the re-
maining 7 internal dimensions are schematically shown
in Fig. 1, where straight lines and circles correspond to
possible sets of indices I and black spots refer to co-
ordinates in the subspaces Mi , i > 0.
Fig. 1a shows a system of n = 7 one-dimensional
spaces M1 , so that each black spot depicts both a co-
ordinate and a factor space. Each of the 7 sets I ∈ Ω∗
contains 3 elements, i.e. corresponds to a 2-brane.
Fig. 1b shows a system of 2-branes and a 5-brane
with n = 4: d0 = 3, d1 = d2 = d3 = 2, d4 = 1. Let
us consider this case in more detail. The set Ω∗ reads:
Ω∗ = {{1, 2, 3}︸ ︷︷ ︸
A
, {1, 4}︸ ︷︷ ︸
B
, {2, 4}︸ ︷︷ ︸
C
, {3, 4}︸ ︷︷ ︸
D
} (5.6)
where the letters A,B,C,D label the corresponding
sets I ∈ Ω∗ .
Due to the orthogonality relations between ci and
ci all these constants vanish and
3h20 = h
2
A + h
2
B + h
2
C + h
2
D. (5.7)
One easily finds that
2φ0(u) = y0 − Σ,
2φ1(u) = yA + yB − Σ,
2φ2(u) = yA + yC − Σ,
2φ3(u) = yA + yD − Σ,
2φ4(u) = yB + yC + yD − Σ,
2γ(u) = 3y0 − Σ, (5.8)
where all y(u) are defined in (4.6) and
Σ
def
=
∑
I∈Ω∗
d(I)
D − 2yI(u) =
2
3
yA+
1
3
(yB+yC+yD).(5.9)
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Figure 1: Diagram of maximal sets of intersecting
2-branes. Each I is shown by a straight line or a circle.
Enumerated black spots correspond to internal coordinates.
a: Seven 3-dimensional sets I . The subspaces Mi
( i = 1, . . . , 7) are 1-dimensional.
b: Three 2-branes and one 5-brane. The subspaces Mi
( i = 1, 2, 3, 4) are described by the coordinates labelled as
{1, 4} , {2, 5} , {3, 6} and {7} , respectively. The 3-dimen-
sional sets I = B,C,D are shown by straight lines and the
6-dimensional one, A , by a circle.
If we assume that M0 = S
3 , all y(u) are expressed
in terms of hyperbolic cosines. Their asymptotics as
u→ ±∞ are
y0 ∼ −h0|u|, yI ∼ −hIu. (5.10)
On the other hand, the logarithms of volume factors
of extra dimensions (σextra ) and the whole space (σ0 )
are
σextra =
4∑
i=1
diφ
i, σ0 = γ =
4∑
i=0
diφ
i. (5.11)
From (5.8)–(5.10) it follows that, as u → ±∞ , the
volume factor of extra dimensions
Vextra = e
σextra → 0 (5.12)
and, in addition, in view of (5.7),
Vtotal = e
σ0 = eγ → 0. (5.13)
On the other hand, as γ ∼ −h0|u| as u → ±∞ , the
integral t =
∫
eγdu converges in the same limits. One
has to conclude that in these models both the total
volume and that of extra dimensions collapse to zero at
some finite times t both in the past and in the future.
The physical space, taken separately, may, however,
avoid the collapse if one properly chooses the values of
hI (see the first line of (5.8)).
All this is true as well for hyperbolic models (K0 =
−1), but only at one end of the evolution (u → ∞),
while at the other (u → 0) the asymptotic is always
as described at the end of Subsec. 5.1.
The outlined picture is true for the model with the
maximal Ω∗ given in (5.6); non-maximal models, with
Ω∗ taken as its subsets, require a separate considera-
tion.
6. Appendix
Let there be an n-dimensional real vector space V
with a nondegenerate real-valued quadratic form 〈 ., . 〉 .
Let, further, a real-valued vector function x(t) ∈ V
obey the equations of motion corresponding to the La-
grangian
L = 〈 x˙, x˙ 〉 −
m∑
s=1
As e
2〈bs,x 〉, (A.1)
where m ≤ n , As = const 6= 0 and bs ∈ V are
constant vectors such that
〈bs,bs 〉 6= 0, 〈bs,bp 〉 = 0, s 6= p. (A.2)
Then, the equations of motion for the Lagrangian (A.1)
have the following solutions [23]:
x(t) =
m∑
s=1
bs
〈bs,bs 〉ys(t) + tc+ c0, (A.3)
where c, c0 ∈ V (integration constants) satisfy the or-
thogonality relations
〈 c,bs 〉 = 〈 c0,bs 〉 = 0, (A.4)
and the functions ys(t) ≡ 〈bs,x 〉 are found from the
decoupled equations
y¨s = −As〈bs,bs 〉 e2ys . (A.5)
Their solutions may be in turn presented in the form
e−2ys(t) = |As〈bs,bs 〉|S2(εs, hs, t− ts), (A.6)
where hs, ts are integration constants,
εs = − sign [As〈bs,bs 〉] (A.7)
and the function S(., ., .) is, by definition,
S(1, h, t) =


h−1 sinhht, h > 0,
t, h = 0,
h−1 sinht, h < 0;
S(−1, h, t) = h−1 coshht; h > 0. (A.8)
The conserved energy corresponding to the solution
(A.3) is
E = 〈 x˙, x˙ 〉+
m∑
s=1
As e
2ys
=
m∑
s=1
h2s signhs
〈bs,bs 〉 + 〈 c, c 〉. (A.9)
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